Abstract. We extend the notions of topological stability, shadowing and persistence from homeomorphisms to finitely generated group actions on uniform spaces and prove that an expansive action with either shadowing or persistence is topologically stable. Using the concept of null set of a Borel measure µ, we introduce the notions of µ-expansivity, µ-topological stability, µ-shadowing and µ-persistence for finitely generated group actions on uniform spaces and show that a µ-expansive action with either µ-shadowing or µ-persistence is µ-topologically stable.
INTRODUCTION
Topological stability is a fundamental notion of a dynamical system which guarantees that the qualitative behaviour of trajectories remains unaffected by continuous small perturbations. In Lyapunov stability one considers perturbations of initial conditions in a fixed system. Unlike Lyapunov stability, in topological stability one considers perturbations of the system itself. Walter's stability theorem applied to Anosov diffeomorphisms of compact smooth manifolds is one of the finest results in differentiable dynamics. The following result can be regarded as an extension of Theorem 1.1, to homeomorphisms on compact metric spaces because of the fact that Anosov diffeomorphisms are expansive and has shadowing [15] .
Theorem 1.2 [ [1]
, Theorem 2.4.5] Let X be a compact metric space and let f : X → X be a homeomorphism. If f is expansive and has shadowing then it is topologically stable.
In [4] , authors have improved Theorem 1.2 by weakening the hypothesis of the theorem. In particular, one can observe that persistence is weaker than shadowing.
Theorem 1.3 [ [4]
,Theorem 2 ] Let X be a compact metric space and let f : X → X be a homeomorphism. If f is expansive and persistent then it is topologically stable. Theorem 1.5 [ [5] ,Theorem 2.8 ] Let X be a compact metric space and let Φ be an action of a finitely generated group on X. If Φ is expansive and has shadowing then it is topologically stable.
Theorem 1.6 [ [2],Theorem
A] Let X be a compact metric space and let Φ be an action of a finitely generated group on X. If Φ is expansive and persistent then it is topologically stable.
Our first aim is to extend Theorem 1.5 and Theorem 1.6 to finitely generated group actions on non-compact, non-metrizable spaces. Theorem 1.7 Let X be a first countable, locally compact, para-compact, Hausdorff uniform space and let Φ be an action of a finitely generated group on X. If Φ is expansive and has either shadowing or persistence then it is topologically stable.
In recent past, the notion of expansivity has been extended to include Borel measures [12] . On the other hand, Lee and Morales have introduced [11] the notions of shadowing and topological stability for Borel measures on compact metric spaces. They have proved that expansive measures with shadowing are topologically stable. Theorem 1.8 [ [11] ,Theorem 3.1 ] Let X be a compact metric space and let f : X → X be a homeomorphism. If a measure µ is expansive and has shadowing with respect to Φ then it is topologically stable.
Very recently, authors [8] have extended this theorem to finitely generated group actions on compact metric spaces.
Let X be a compact metric space and let Φ be an action of a finitely generated group on X. If Φ is µ-expansive and has µ-shadowing then it is µ-topologically stable.
Our second aim is to extend these results to finitely generated group actions on non-compact, non-metrizable spaces. Theorem 1.10 Let Φ be an action of a finitely generated group on a first countable, locally compact, para-compact, Hausdorff uniform space X and let µ be a Borel measure on X. If Φ is µ-expansive and has either µ-shadowing or µ-persistence then it is µ-topologically stable.
By following the name of the very first result among these (the differentiable case), it is reasonable to name all the above mentioned results as Stability Theorems.
We organize this paper as follows. In section 2, we define the notions of topological stability, µ-topological stability, shadowing, µ-shadowing, expansivity, µ-expansivity, persistence, µ-persistence for finitely generated group actions on uniform spaces. In section 3, we prove Theorem 1.7 and Theorem 1.9 and discuss examples. In section 4, we discuss general properties of the introduced notions.
PRELIMINARIES AND DEFINITIONS
Let X be a non-empty set. Then, the diagonal of X × X is given by ∆(X) = {(x, x)|x ∈ X}. For a subset R of X × X, we define R −1 = {(y, x)|(x, y) ∈ R}. We say that R is symmetric if R = R −1 .
For two subsets U and V of X × X, we define their composition as U • V = {(x, y) ∈ X × X| there is z ∈ X satisfying (x, z) ∈ U and (z, y) ∈ V }. In this paper, we assume that the phase space of a dynamical system is a uniform space (X, U), where U is a collection of subsets of X × X satisfying the following properties [10] :
The members of U are called entourages of X. If (X, U) is a uniform space, then we can generate a topology on X by characterizing that a subset Y ⊂ X is open if and only if there is an entourage U of X such that for each x ∈ Y the cross section U [x] = {y ∈ X | (x, y) ∈ U } is contained in Y . An entourage M is said to be proper if for any compact set
is compact. An entourage U is said to be wide if there is a compact subset K ⊂ X such that U ∪(K ×X) = X ×X. In other words, U is wide if there is a compact set K ⊂ X such that for any x / ∈ K, we have U [x] = X. A point x ∈ X is called an atom if µ({x}) > 0. A measure µ on X is said to be non-atomic if it has no atom.
In this paper, G denotes a finitely generated group and X a uniform space with uniformity U. Any generating set S of the group G will be considered finite symmetric (for any s ∈ S, s −1 ∈ S).
A map Φ : G × X → X is said to be an action of G on X if the following holds:
is a uniform equivalence for any g ∈ G.
(ii) Φ e (x) = x for all x ∈ X, where e is the identity element of the group G.
We denote Act(G, X), the set of actions of a finitely generated group G on the uniform space X.
Definition 2.1 Let X be a uniform space with uniformity U. Then, (i) An action Φ ∈ Act(G, X) is called expansive if there exists closed entourage D ∈ U such that for any distinct x, y ∈ X, there exists g ∈ G such that (
Such D is called a µ-expansive entourage for Φ. 
can check that Φ is expansive.
(ii) Let X be a uniform space and let f : X → X be a µ-expansive uniform equivalence. Then, the actions Φ :
Definition 2.3 (i) Let Φ ∈ Act(G, X) and let D ∈ U be given. Then, {x g } g∈G is said to be a D-pseudo orbit (with respect to the generating set S)
On the other hand, {x g } g∈G is said to be D-shadowed by some point
A D-pseudo orbit {x g } g∈G is said to be through a measurable set B if x e ∈ B, where e is the identity element of the group G.
(ii) Let P(X) be the power set of X and let H : X → P(X) is a set valued map of X. We define the domain of H by Dom(H) = {x ∈ X | H(x) = φ}. H is said to be compact valued if H(x) is compact for each x ∈ X. We write (Id,
Definition 2.4 Let X be a uniform space with uniformity U. Then, (i) An action Φ ∈ Act(G, X) is said to have shadowing (with respect to the generating set S of G) if for every E ∈ U there exists D ∈ U such that every D-pseudo orbit is E-shadowed by some x ∈ X.
(ii) An action Φ ∈ Act(G, X) is said to be topologically stable (with respect to the generating set S of G) if for every E ∈ U there exists D ∈ U such that if Ψ ∈ Act(G, X) is another action satisfying
(iii) An action Φ ∈ Act(G, X) is said to have µ-shadowing for some µ ∈ M (X) (with respect to the generating set S of G), if for every E ∈ U there exists D ∈ U and a measurable set B ⊂ X with µ(X \ B) = 0 such that every D-pseudo orbit through B is E-shadowed by some point x ∈ X. (iv) An action Φ ∈ Act(G, X) is said to be µ-topologically stable for some µ ∈ M (X) (with respect to the generating set S of G), if for every E ∈ U there exists D ∈ U such that if Ψ ∈ Act(G, X) is another action satisfying (Ψ s (x), Φ s (x)) ∈ D for all x ∈ X, s ∈ S then there is an upper semicontinuous compact valued map H of X with measurable domain such that the following conditions hold:
(v) An action Φ ∈ Act(G, X) is said to be persistent (with respect to the generating set S of G)
(vi) An action Φ ∈ Act(G, X) is said to be µ-persistent for some µ ∈ M (X) (with respect to the generating set S of G) if for every E ∈ U there exists D ∈ U and a measurable set B ⊂ X with
Lemma 2.5 Let S and T be two distinct generating sets of G. Then, for any Φ ∈ Act(G, X) Proof. (i) Suppose Φ has shadowing with respect to S. Let E ∈ U be given and D ′ ∈ U be given for E by the shadowing of Φ. It suffices to show that there exists D ∈ U such that every D-pseudo orbit with respect to T is D ′ -pseudo orbit with respect to S. Put m :=max s∈S l T (s), where l T is the word length metric on G induced by T . Choose
Claim:
Then, the claim holds by the definition of composition of m-number of entourages and the fact that
(ii) Suppose Φ is S-topologically stable. Let E ∈ U be given and D ′ ∈ U be given for E by the topological stability of Φ. It suffices to show that there exists D ∈ U such that for any Ψ ∈ Act(G, X)
, where l T is the word length metric on G induced by T . Choose
Since Φ g is uniform equivalence for each g ∈ G and S, T are finite, there exists
Then, the claim holds by the definition of composition of m number of entourages and the fact that D
The proofs for (iii), (iv), (v) and (vi) follow similarly as those of (i) and (ii).
In view of the above lemma, the following are natural definitions of shadowing, topological stability, µ-shadowing, µ-topological stability, persistence and µ-persistence for Φ ∈ Act(G, X). Definition 2.6 (i) An action Φ ∈ Act(G, X) is said to have shadowing if it has shadowing with respect to some generating set S of G.
(ii) An action Φ ∈ Act(G, X) is said to be topologically stable if it is topologically stable with respect to some generating set S of G.
(iii) An action Φ ∈ Act(G, X) is said to be persistent if it is persistent with respect to some generating set S of G.
(iv) An action Φ ∈ Act(G, X) is said to have µ-shadowing if it has µ-shadowing with respect to some generating set S of G. (v) An action Φ ∈ Act(G, X) is said to be µ-topologically stable if it is µ-topologically stable with respect to some generating set S of G. (vi) An action Φ ∈ Act(G, X) is said to be µ-persistent if it is µ-persistent with respect to some generating set S of G.
Remark 2.7 Following [7] , we call the above mentioned notions as topological version of the corresponding metric notions on compact metric spaces (see [5] for expansivity, shadowing and topological stability, [2] for persistence, [8] for µ-expansivity, µ-shadowing and µ-topological stability. If (X, d) is compact metric space, then the topological notions coincide with the corresponding metric notions. For deeper understanding of this fact one may refer to Remark 3.2 [7] .
Observe that shadowing implies µ-shadowing, topological stability implies persistence. We now show that µ-topological stability implies µ-persistence.
Proposition 2.9
If an action Φ ∈ Act(G, X) is µ-topologically stable, then it is µ-persistent.
Proof. Let E ∈ U be symmetric and let D ∈ U be given for E by the µ-topological stability of Φ. Let Ψ ∈ Act(G, X) be another action such that (Ψ s (x), Φ s (x)) ∈ D for all x ∈ X, s ∈ S. Let H be the set-valued map as in the definition of µ-topological stability of Φ. If B = Dom(H), then µ(X \ B) = 0 and for every x ∈ B, there exists y ∈ X such that y ∈ H(x) which implies
That means Φ is µ-persistent.
The following lemma was proved in [9] . For sake of completeness, we give the proof here as well.
Lemma 2.10 Let X be a first countable, locally compact, para-compact, Hausdorff uniform space and let µ be a non-atomic measure on X. If Φ ∈ Act(G, X) is expansive (µ-expansive), then there is a proper expansivity (µ-expansivity) entourage for Φ.
Proof. Let E ∈ U be an expansivity (µ-expansivity) entourage for Φ. Since X is locally compact, each x ∈ X has an open, relatively compact neighborhood U x . Since X is para-compact, the open cover {U x } x∈X has a closed (and hence compact) locally finite refinement V α [ [10], Chapter 5,
) is a proper expansivity (µ-expansivity) entourage.
STABILITY THEOREMS
In this section, our first aim is to prove the following theorem which extends Theorem 2.8 [5] .
Theorem 3.1 Let X be a first countable, locally compact, para-compact, Hausdorff uniform space. If Φ ∈ Act(G, X) is expansive and has shadowing, then it is topologically stable.
In fact, we prove a stronger result in the next theorem and get the above theorem as a direct consequence because of the fact that actions with shadowing are persistent. Further, we know that topologically stable actions are persistent. So, it is reasonable to find sufficient conditions for a persistent action to be topologically stable. So, the following result which extends Theorem 3.2 [4] , is important in its own right. Theorem 3.2 Let X be a first countable, locally compact, para-compact, Hausdorff uniform space. If Φ ∈ Act(G, X) is expansive and persistent, then it is topologically stable.
To prove the above theorem we need the following lemmas of which Lemma 3.4 was proved in [9] and the proof of Lemma 3.3 is left for the reader as an easy exercise. Lemma 3.3 Let E ∈ U be such that E 2 is expansive entourage for Φ ∈ Act(G, X). Let D ∈ U be given for E by persistence of Φ. If Ψ ∈ Act(G, X) is another action with (Ψ s (x), Φ s (x)) ∈ D for all x ∈ X, s ∈ S then for every x ∈ X there is unique y ∈ X such that (Ψ g (x), Φ g (y)) ∈ E for all g ∈ G.
Lemma 3.4 Let X be a first countable, locally compact, para-compact, Hausdorff uniform space. A map f : X → X is continuous if for any wide U ∈ U, there is V ∈ U such that (f × f )(V ) ⊂ U . Lemma 3.5 Let X be a first countable, locally compact, para-compact, Hausdorff uniform space and let Φ be an action of G on X with a proper expansive entourage A. For any non-empty finite set F ⊂ G, define V F (A) = {(x, y) ∈ X × X | (Φ g (x), Φ g (y) ∈ A for all g ∈ F }. Then, for any wide U ∈ U there exists a non-empty finite set F ⊂ G such that V F (A) ⊂ U .
Proof. By contradiction, suppose there exists a wide U ∈ U such that for each non-empty finite set
Choose a sequence of non-empty finite subsets
, which is a compact subset of X × X. So, there exists a sequence (x n k , y n k ) ∈ L converging to (x, y) / ∈ ∆(X). On the other hand, we have (Φ g (x), Φ g (y)) ∈ A for all g ∈ G, which leads to a contradiction to the fact that A is an expansive entourage for Φ.
Proof of Theorem 3.2 Let B ∈ U be given and let A be a proper expansive entourage for Φ. Choose symmetric entourage E such that E 3 ⊂ A ∩ B. Since Φ is persistent, there exists D ∈ U such that if Ψ ∈ Act(G, X) is another action with (Ψ s (x), Φ s (x)) ∈ D for all x ∈ X, s ∈ S, by Lemma 3.3 for every x ∈ X, there is unique y ∈ X such that (Ψ g (x), Φ g (y)) ∈ E for all g ∈ G. Define a map f : X → X as given by f (x) = y. Observe that (x, f (x)) ∈ E ⊂ E 3 ⊂ B for all x ∈ X.
We now show that
Finally, we prove that f : X → X is continuous by using Lemma 3.4. Let U be a wide entourage. Then, by Lemma 4.5 there exists non-empty finite set
This completes the proof.
Example 3.6 Let G =< a, b | ba = a 2 b > be an infinite solvable group and S = {a, b, a −1 , b −1 } be a generating set for G. Let Φ : G × R n → R n be generated by the maps Φ a ((x 1 , x 2 , ..., x n )) = (x 1 , x 2 , ..., x n ), Φ a −1 ((x 1 , x 2 , ..., x n )) = (x 1 , x 2 , ..., x n ), Φ b ((x 1 , x 2 , ..., x n )) = (mx 1 , mx 2 , ..., mx n ) and
, where m > 1. One can follow the same steps as in Proposition 2.2 [3] to show that Φ has shadowing. It is also easy to check that Φ is expansive. So, by Theorem 3.1 Φ is topologically stable.
Example 3.7 Let R be the real line and let f : R → R be the homeomorphism given by f (x) = 2x. Then, the action Φ ∈ Act(Z, X) given by Φ n (x) = f n (x) is expansive and has shadowing. Therefore, by Theorem 3.1, Φ is topologically stable.
Our next aim is to prove the following measurable stability theorem which extends Theorem 3.1 [11] .
Theorem 3.8 Let X be first countable, locally compact, para-compact, Hausdorff uniform space and let µ be a non-atomic measure on X. If Φ ∈ Act(G, X) is µ-expansive and has µ-shadowing, then it is µ-topologically stable.
We prove a stronger result in the following theorem and obtain the above theorem as a direct consequence. From Proposition 2.9, we see that every µ-topologically stable action is µ-persistent. Thus, the following theorem provides a sufficient condition for a µ-persistent action to be µ-topologically stable.
Theorem 3.9 Let X be a first countable, locally compact, para-compact, Hausdorff uniform space and let µ be a non-atomic measure on X. If Φ ∈ Act(G, X) is µ-persistent and µ-expansive, then it is µ-topologically stable.
Proof. Let E ∈ U be given and let A be a µ-expansive entourage for Φ. Further, let F ∈ U be a closed symmetric entourage such that F 2 ⊂ A ∩ E. Then, by Lemma 2.10 there is a proper
Let us first prove that Dom(H) is measurable. Let {x k } k∈N be a sequence in Dom(H) such that
By local compactness and Hausdorff property of X,
to a point, say y in X. Taking k → ∞, we have that (Ψ g (x), Φ g (y)) ∈ E ′ for all g ∈ G which implies that y ∈ H(x). Thus, H(x) = φ and hence, x ∈ Dom(H). By the first countability of X we have Dom(H) is closed and so is measurable.
Next, we prove that µ(X \ Dom(H)) = 0. Since (Ψ s (x), Φ s (x)) ∈ D for all x ∈ X, s ∈ S, for fixed x ∈ B, there exists y ∈ X such that (Ψ g (x), Φ g (y)) ∈ E ′ for all g ∈ G. This shows that H(x) = φ for each x ∈ B and hence B ⊂ Dom(H). Therefore, µ(X \ Dom(H)) ≤ µ(X \ B) = 0.
We now prove that H is upper semi-continuous. Fix x ∈ Dom(H) and an open neighborhood O of H(x). Since G is finitely generated, there are non-empty subsets
By the local compactness and Hausdorff property of X, z k converges to a point, say z and observe
Thus, H is upper semi-continuous.
We now prove that µ • H = 0, i.e; µ(H(x)) = 0 for all x ∈ X. Fix x ∈ X and let y ∈ H(x).
Since F is symmetric, we get (Φ g (z), Φ g (y)) ∈ F 2 ⊂ A for all g ∈ G. Since A is symmetric, H(x) ⊂ Γ A (y) and since A is a µ-expansive entourage for Φ, µ(H(x)) ≤ µ(Γ A (y)) = 0 for all x ∈ X. Also, observe that H(x) ⊂ E ′ [x] and since E ′ ⊂ E, we have that (Id, H) ∈ E.
Finally, we prove that
). This completes the proof.
Example 3.10 Let f : X → X be an N -expansive homeomorphism with shadowing [6] on a compact metric space. Then, the action Φ ∈ Act(Z, X) given by Φ n (x) = f n (x) is µ-expansive with shadowing. So by Theorem 3.8, Φ is µ-topologically stable.
Theorem 3.11 If Φ ∈ Act(G, X) is topologically stable, then it is µ-topologically stable for any non-atomic measure µ on X (if it exists).
Proof. Suppose Φ ∈ Act(G, X) is topologically stable and µ be a non-atomic measure on X. We want to show that Φ is µ-topologically stable. Let E be given symmetric entourage and let D ∈ U be given for E by the topological stability of Φ. Fix Ψ ∈ Act(G, X) be another action such that (Ψ s (x), Φ s (x)) ∈ D for all x ∈ X, s ∈ S. Then, there exists a continuous map f : X → X such that Φ g • f = f • Ψ g for all g ∈ G. Define the compact valued map H : X → P(X) given by H(x) = {f (x)} for all x ∈ X. Then, H is upper semi-continuous because of the fact that f is continuous. Observe that Dom(H) = X and hence, µ(X \ Dom(H)) = 0. Since µ is non-atomic µ(H(x)) = µ({f (x)}) = 0 for all x ∈ X proving µ • H = 0. Since (x, f (x)) ∈ E for all x ∈ X, (x, H(x)) ∈ E for all x ∈ X and hence (Id, H) ∈ E. Further, since
Corollary 3.12 A complete separable metric space admitting topologically stable action which is not µ-topologically stable is at most countable.
Proof. This follows from Theorem 3.11 and Theorem 8.1, P. 53 in [14] .
GENERAL PROPERTIES OF INTRODUCED NOTIONS
An action Φ ∈ Act(G, X) is said to be uniformly conjugate to another action Ψ ∈ Act(G, Y ) if there is a uniform equivalence h : Proof. We prove (i) and (iii) only. The proofs of (ii) and (iv) are left for the reader as easy exercises.
(i) Suppose that Φ ∈ Act(G, X) has shadowing. Let h : X → Y be a uniform equivalence satisfying
Let E ⊂ Y × Y be given entourage and let the entourage D ⊂ X × X be given for E by the uniform continuity of h, i.e; (h(x), h(y)) ∈ E whenever (x, y) ∈ D. Let the entourage A ⊂ X × X be given for D by the shadowing of Φ and since h −1 : Y → X is uniform equivalence, there exists another entourage
Let {y g } g∈G be B-pseudo orbit for Ψ, i.e; (y sg , Ψ s (y g )) ∈ B for all g ∈ G, s ∈ S. This implies (h −1 (y sg ), h −1 (Ψ s (y g ))) ∈ A for all g ∈ G, s ∈ S and hence, (h −1 (y sg ), Φ s (h −1 (y g ))) ∈ A for all g ∈ G, s ∈ S. Thus, {h −1 (y g )} g∈G is A-pseudo orbit for Φ.
Since Φ has shadowing, there exists y 0 ∈ X such that (h
This means that h(y 0 ), E-shadows the D-pseudo orbit for Ψ. This completes the proof.
(iii) Suppose that Φ ∈ Act(G, X) is persistent. Let h : X → Y be a uniform equivalence satisfying h•Φ g = Ψ g •h for all g ∈ G. We want to show that Ψ is persistent. Let E ⊂ Y ×Y be given entourage and let the entourage D ⊂ X × X be given by the uniform continuity of h, i.e; (h(x), h(y)) ∈ E, whenever (x, y) ∈ D. Let the entourage A ⊂ X × X be given for D by the persistence of Φ. ), h(Φ g (x ′ ))) ∈ E for all g ∈ G which implies (Ψ ′ g (h(x)), Ψ g (h(x ′ ))) ∈ E for all g ∈ G. This shows that Ψ is persistent.
Given a Borel measure µ on X and a uniform equivalence h : X → Y , we denote by h * (µ) the pullback of µ defined by h * (µ)(A) = µ(h −1 (A)) for all Borel measurable set A ⊂ Y .
Proposition 4.2 Let µ be a Borel measure on X. Let Φ ∈ Act(G, X) and Ψ ∈ Act(G, Y ) be uniformly conjugate. Then, (i) If Φ has µ-shadowing, then Ψ has h * (µ)-shadowing.
(ii) If Φ is µ-expansive, then Ψ is h * (µ)-expansive.
(iii) If Φ is µ-persistent, then Ψ is h * (µ)-persistent.
(iv) If Φ is µ-topologically stable, then Ψ is h * (µ)-topologically stable.
Proof. We prove only (ii) and (iv). The proofs of (i) and (iii) are left for the reader as easy exercises.
(ii) Suppose that Φ is µ-expansive. Let h : X → Y be a uniform equivalence satisfying h • Φ g = Ψ g • h for all g ∈ G. We want to show that Ψ is h * (µ)-expansive. Let E ⊂ X × X be a µ-expansive entourage for Φ. Since h is uniform equivalence, there is an entourage D ⊂ Y ×Y such that (x, y) ∈ D implies (h −1 (x), h −1 (y)) ∈ E. We claim that Γ D (y) ⊂ h(Γ E (h −1 (y))) for all y ∈ Y . Let x ∈ Γ D (y),
i.e; (Ψ g (x), Ψ g (y)) ∈ D for all g ∈ G which implies (h −1 (Ψ g (x)), h −1 (Ψ g (y)) ∈ E for all g ∈ G.
Thus, (Φ g (h −1 (x)), Φ g (h −1 (y))) ∈ E for all g ∈ G which gives x ∈ h(Γ E (h −1 (y))). So, the claim holds. Therefore, h * (µ)(Γ D (y)) ≤ µ(Γ E (h −1 (y)) for all y ∈ Y . So, h * (µ)(Γ D (y)) = 0 for all y ∈ Y .
Thus, Ψ is h * (µ)-expansive with h * (µ)-expansive entourage D.
(iv) Suppose that Φ is µ-topologically stable. Let h : X → Y be a uniform equivalence such that h • Φ g = Ψ g • h for all g ∈ G. We want to show that Ψ is h * (µ)-topologically stable. Let E ⊂ Y × Y be given entourage and let the entourage D ⊂ X × X be given by the uniform continuity of h, i.e; (h(x), h(y)) ∈ E whenever (x, y) ∈ D. Let the entourage A ⊂ X × X be given for D by the µ-topological stability of Φ. Since h −1 : Y → X is uniform equivalence, there exists another entourage B ⊂ Y × Y such that (h −1 (x), h −1 (y)) ∈ A, whenever (x, y) ∈ B.
Let Ψ ′ ∈ Act(G, Y ) be an action such that (Ψ
